TOSIRO TSUZUKU

Sn :
The symmetric group of degree n (on a set Γ).
An: The alternating group of degree n.
G: A primitive extension of rank 3 of S n on a set Ω = {0, 1, 2, ... , w,l» 2, ... , ra} which consists of 1 + n+ m letters.
H:
The stabilizer G o of a letter, say 0, of Ω.
The orbits of H are denoted by J o = {0}, Ji = {1, 2, . . . , n) and J 2 = {Ί, 2, . . . ,
m) and the group (H, Λ x ) is isomorphic to (S«, Γ).
Z: The stabilizer of the subset {0, 1} of Ω.
Ψ-The character of G induced by the principal character of H which is called the character of the permutation representation of (G, Ω). By a well known theorem (cf. Proposition 29.2 in [6] ) Ψ is decomposed into three irreducible characters ψo t ψi and <p 2 and one of these, say ψ Ot is the principal character. We denote the degree of ψi by /,-. If n^3, then n^mby Theorem 17.7 in [6] and so /i =*F/ 2 by Theorem 30.3 in Π6] and we assume /Ί </ 2 . 2 respectively.
HΨ-
3. Proo/ 0/ Theorem. In the following we assume that n # 1, 2, 3, 5 and 7.
According to Proposition 1, (n-1)! >|£|>(Λ-2)!.
If L is a primitive subgroup of (H, Ji), then, by a theorem of A. Bochert Since L is a subgroup of S r xS n -r with a positive integer r, we have the relation (n -2)l^rl(n -r)\ Hence we have the following cases (we assume r£n-r): r = l or 2.
(i) r = l: SinceL^SjXSn-iand(w-l)!>|L|>(w-2)!,LmustbeSixA rt -i. Now we take up an element σ 0 of H which is a cycle of length 3 as an element of (H, Δi). Then we see that, as an element of (H t J 2 ), tfo is the product of disjoint two cycles of length 3. Therefore σ 0 is the product of disjoint three cycles of length 3 and Ψ(a) =3 n-8. Let a be an element of H which is the product of disjoint r cycles of length 3 as an element of (H, Δi). Then, in the similar manner, a is the product of exactly disjoint 3r cycles of length 3. or 4, the degree of (G, Ω) is a prime number and so, by theorems of Galois (Theorem 11.6 in [6] ) and Burnside (Theorem 11.7 in [6] ), (G, Ω) is a Frobenius group. This is a contradiction.
(ii) r = 2 Since L is a subgroup of S2 χS rt -2 and (
L must be S 2 x S w -2 . Then # ψ = 3 ls n + 2 7° + Z 00 and so we have the following
In the first case, according to Proposition 3, we have
1)
= 0 and so w= " 2 -t 2 * ^a t ^s > n ι% ^ or ^ w^^c^ ^a s ^e en excluded. In the second case we have
but this is not a square for any integer n. This is a contradiction, by Pro- In any of those cases, since 1S"X8IXA H = l£ 67 + a sum of characters of S 6 7 and since 1 + lsZ + ls%s ι xAn is decomposed into 13 irreducible characters which have degrees 1, 1, 1, 1, 56, 56, 56, 56, 56, 57-27, 57-27, 28-55 and 28-55 respectively, A and f t must be partial sums of these integers, but it is impossible.
Thus we complete the proof of Theorem.
4. There exist primitive extensions of rank 3 of S n for n = 1, 2, 3, 5 and 7.
(i) The cyclic group of order 3 is the unique primitive extension of Si.
(ii) The dihedral group of order 10 is the unique primitive extension of Ua(F) contains a α invariant subgroup H which is isomorphic to Λ 7 and the semidirect product ζσyH of groups <#>, which is generated by α, and H is isomorphic to Si (H. H. Mitchell; Theorem 25, [5] ). Us(F) is a primitive extension of rank 3 of Λ Ί (D. G. Higman [4] ). Then the semidirect product is a primitive extension of rank 3 of
